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'. Abstract 

<D . 

Ph " Classical harmonic analysis says that the spaces of homogeneous harmonic poly- 

nomials (solutions of Laplace equation) are irreducible modules of the corresponding 
orthogonal Lie group (algebra) and the whole polynomial algebra is a free module 
f-H ' over the invariant polynomials generated by harmonic polynomials. In this paper, 

we first establish two-parameter Z 2 -graded supersymmetric oscillator generaliza- 
tions of the above theorem for the Lie superalgebra gl{n\m). Then we extend the 
result to two-parameter Z-graded supersymmetric oscillator generalizations of the 
above theorem for the Lie superalgebras osp(2n\2m) and osp(2n + l|2m). 



1 Introduction 

m ' 

Harmonic polynomials are important objects in analysis, differential geometry and 
physics. A fundamental theorem in classical harmonic analysis says that the spaces of ho- 
mogeneous harmonic polynomials (solutions of Laplace equation) are irreducible modules 
of the corresponding orthogonal Lie group (algebra) and the whole polynomial algebra is 
a free module over the invariant polynomials generated by harmonic polynomials. Bases 
of these irreducible modules can be obtained easily (e.g., cf. [XI]). The algebraic beauty 
of the above theorem is that Laplace operator characterizes the irreducible submodules of 
the polynomial algebra and the corresponding quadratic invariant gives a decomposition 
of the polynomial algebra into a direct sum of irreducible submodules. 

Cao [C] proved that the subspaces of homogeneous polynomial vector solutions of the 
n-dimensional Navier equations in elasticity are exactly direct sums of three explicitly 
given irreducible submodules when n ^ 4 and direct sums of four explicitly given irre- 
ducible submodules if n = 4 of the corresponding orthogonal Lie group (algebra), and the 
whole polynomial vector space is also a free module over the invariant polynomials gen- 
erated these solutions. This is essentially a vector-function generalization of the classical 
theorem on harmonic polynomials. 

In [X2] , the second author proved that the space of homogeneous polynomial solutions 
with degree m for the dual cubic Dickson invariant differential operator is exactly a 
direct sum of [to/2] + 1 explicitly determined irreducible E^-sub modules and the whole 
polynomial algebra is a free module over the polynomial algebra in the Dickson invariant 
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generated by these solutions. This gave a cubic ^-generalization of the classical theorem 
on harmonic polynomials. 

Lie algebras (Lie groups) serve as the symmetries in quantum physics (e.g., cf. [FC, L, 
LF, G]). Their various representations provide distinct concrete practical physical mod- 
els. Many important physical phenomena have been interpreted as the consequences of 
symmetry breakings (e.g., cf. [LF]). Harmonic oscillators are basic objects in quantum 
mechanics (e.g., cf. [FC, G]). Oscillator representations of finite-dimensional simple Lie 
algebras are the most fundamental ones in quantum physics (e.g., cf. [DES, FSS]). Howe 
[Ho] obtained a Z-graded multiplicity-free oscillator representation for sl(n, C). In [XI], 
the second author found the methods of solving flag partial differential equations for 
polynomial solutions. Moreover, we [LX] used a result in [XI] to prove two-parameter Z 2 - 
graded oscillator generalizations of the classical theorem on harmonic polynomials for the 
Lie algebra sl(n, C) and two-parameter Z-graded oscillator generalizations of the theorem 
for the Lie algebra o(n, C). 

The aim of this work is to establish two-parameter Z 2 -graded supersymmetric oscillator 
generalizations of the classical theorem on harmonic polynomials for the Lie superalgebra 
gl{n\m) and two-parameter Z-graded supersymmetric oscillator generalizations of the 
theorem for the Lie superalgebras osp{2n\2m) and osp(2n + l\2m). Below we give a 
technical introduction. 

Suppose that n > 3 is an integer. Denote by E r . yS the square matrix with 1 as its 
(r, s)-entry and as the others. The compact orthogonal Lie algebra 

o(n,R)= ^(Er,s-E S!r ). (1.1) 

l<r<s<n 

It acts on the polynomial algebra A = M[xi, ...,x n ] by (E r>s — E s>r )\^ = x r d Xs — x s d Xr . 
Recall the Laplace operator 

A = d 2 Xl +dl 2 + --- + dl. (1.2) 

Moreover, we have the fundamental invariant 

r l = x\ + xl + --- + x 2 n . (1.3) 

Denote by Ak the subspace of homogeneous polynomials in A with degree k. Classical 
theorem on harmonic polynomials says that the subspace of harmonic polynomials 

H k = {feA k \ A(/) = 0} (1.4) 

forms an irreducible o(n, K)-module and A = Q)°° k=0 rfHk is a direct sum of irreducible 
o(n, M)-submodules. The beauty of the above theorem is that the invariant differential 
operator A characterizes the irreducible submodules and its dual operator r] gives the 
complete reducibility. 

Fix two positive integers m and n. Set 

n m 

gl(n\m) = CE id + CE n+r ^ n+s (1.5) 

i,j=l r,8=l 

and 

n m 

gl(n\m) l = ^ ^(CS i>n+r + CE n+r ,). (1.6) 

i=l r=l 



The Lie superalgebra gl{n\m) = gl(n\m)o + gl{n\m)\ with the algebraic operation [•, •] 
defined by 

[A,B] = AB- (-l) ili2 BA for A G gl(n\m) h , B G gl(n\m) i2 . (1.7) 



For convenience, we use the notion i,i + j = {i, i + 1, i + 2, i + j} for integers i and 
j with i < j. Let A be the polynomial algebra in bosonic variables {xi \ i G l,2n} and 
fermionic variables {9j \ j G 1,2m}, i.e., 

X g — X f - 0p& q — ® Q ® p "i *^ v $ p — p<)C j> ^1.8^ 



for r, s G 1, 2n and p, q G 1, 2m. Set = X]p=i C0 P . Write 

rrt m— 1 

^(0) = ^C^,...,^]© 2 *, Ai) = ^C[x 1 ,..., a : 2 „]0 29+1 . (1.9) 

Then .4. = ^4( ) © ^4m is a Z 2 -graded algebra. 

For r G l,n, the usual differential operator d Xr acts on A as a derivation such that 
d Xr (x s ) — &r,s and d Xr (9 p ) = for s G l,2n and p G 1,2m. Moreover, for p G 1,2m, we 
define 9g p as a linear operator on A with do p (x r ) = and dg p (9 q ) = 5 Pjq for r G l,n and 
gel, 2m, such that 

do P (fg) = d 6p (f)g + {-lyfdeM for / e Ao> 9 G A (1-10) 
For later notational convenience, we redenote 



y; = x n+i , t?j = 9 rn+j for i G l,n, j G l,m. (1.11) 
Define a representation of g/(n|m) on A determined by 

EijU = x i9 Xj - Vjd Vl , Ei,n+r\A = x i d e r ~ $rd yi , (1.12) 

-^n+r.iU = 9 r 8 Xi + yj^, -^n+^n+sU = ^r^6> s _ (1-13) 



for i, j G 1, n and r, s G 1, m. 

Write ©i = YlT=i and ©2 = YlT=i Ci? s - Denote by N the set of nonnegative 
integers. For £1,^2 G N, we denote 

A tl fy = SpanlxVQ'i' 1 ©? \<*,Pe N n ; £[, £' 2 G N; |a| + ^ = h, + £' 2 = £ 2 }, (1.14) 

where (7! = JXi 7« for 7 = (71 » ->7n) e N n . Let 

n m n m 

a = X] + E ^ = E ^ + E ( L15 ) 

i=l r=l i=l r=l 

Moreover, we define 

H tlM = {/ G A/ 2 I A(/) = 0}. (1.16) 
Denote fc^/ = min{£, £'}. The following is our first main result. 

Theorem 1. Let £,£' G N. The space He t e> is an irreducible gl(n\m) -module if and 
only if £ > m + l — n or £' > m + 1 — nor£ + £'<m + l— n. When \£ — £'\ > m + 1 — n 



or £ + £' < m + 1 — n, Any = ©j=o rfW-e-i^'-i is a decomposition of irreducible gl(n\m)- 
submodules. 

We remark that if £, £' < m+l—n and £+£' > m+l—n, then He^' is an indecomposable 
gl(n\m)-modu\e. In fact, He,e' ClV^i-i/'-i {0}- This also shows that Ae,e is not 
completely reducible when \£ — £'\ < m + 1 — n and £ + £'>m+l — n. 

Fix 1 < rii + 1 < n 2 < n. Note 

[d Xr ,x r ] = l = [-x r ,d Xr \, [d ys ,y s ] = 1 = [-y s ,d Vs ]. (1.17) 



Changing operators >-)■ — rr r , a; r >->■ d Xr for r G l,ni and d Vs i-> — y s , y s >->■ (9^ for 
s G n 2 + 1, n in (1.12) and (1.13), we get a new representation of gl{n\m) on A determined 
by 

Ei,j\A = E f,j - Ej,i, E n+1%n+s \ A = 6 r dg s - -&sd^ r (1-18) 

with 



-Xjd Xi - Su if i,j G l,ni; 



E x | _ j d Xi d Xj if i G l,wi, j G ni + l,w ; ^ ig . 

'■' 4 ! —X{Xj if i G ni + 1, n, j G 1, rii, 

Xid Xj if i, j G ni + l,n 



and 



2/i<9 % iHjGl,n 2 ; 



^ I = <> if * e 1,n2? i e 712 + h3 (i 20) 

' ' ' if i e n 2 + l,n, j G l,n 2 ; 



d Xi d 6r - $ r d yi if i G l,ni; 



Ei,n+r\A = { Xidg r - -& r d yi if % G TTg + l,n 2 j (1.21) 

^<% r + Vi&r if i e n 2 + 1, n; 



-zA + |/i^ r if i G l,ni; 



^n+r.iU = S ^9 Xi + yi<9tf r if % G ni + l,n 2 ; (1.22) 
9 r d Xi + d yi d# r if % G n 2 + 1, n 



for i, j G 1, n and r, s G 1, m. 

The related Laplace operator becomes 



m n 2 



A = -J^A + ~ Vsdx ° + J2 dd r d #r ( L23 ) 



and its dual 



i=l r=n\+l s=U2+l r=l 



"2 



V = ^2vidx t + X rVr+ X s d ya +Y°r$r- (1-24) 

i=l r=«i+l s=n2+l r=l 

Denote 

A M) = Span^V©? ef \a,0e W l ; £[, £' 2 G N; 

n ni n2 n 

«r-X>i+4=*i;X>- ^ /9r+^=M (1-25) 



r=ni+l i=l i=l r=ri2+l 



for £i,£ 2 G Z. Again we set %(^ 2 ) = {/ G «4^ 1 ,^ 2 ) | A(/) = 0}. The following is our 
second main result. 



Theorem 2. Let f,f'6Z such that £' > if n 2 = n. The gl(n\m) -module H(e,e>) is 
irreducible if and only if £ + £' < ni + m + 1 — n,2 or £ n± + 1 — n, n± + m + 1 — n and 
n 2 = n. When £ + £' < n\ + m + 1 — n 2 , A^p) = rffflit-hi'-i)) i s the decomposi- 
tion of irreducible gl(n\m)-submodules if < n, and A(w) = (§)\ =0 rf{7~L {t-i,t> '-%)) is the 
decomposition of irreducible gl{n\m) -submodules if n 2 = n. 

If £ + £' > n\ + m + 1 — n 2 and £ e ni + 1 — n, n± + m + 1 — n when n 2 = n, the 
gl(n\m)-modu\e five 1 ) is indecomposable. When n 2 < n and £ + £' > n\ + m + 1 — n 2 , 
^4«,r) i s n °t completely reducible. 

We use (1.14) and (1.15) to define 

k 

A k = 0^w. H k = {f e A k | A(/) = 0} (1.26) 

e=o 

for k e N. Moreover, we use (1.23) and (1.25) to define 

A*> = A<.*-0> ^<*> = {/ G A*> I A (/) = °) (1-27) 

for k e Z. The above representations of g/(n|m) can be uniquely extended to the repre- 
sentations of the Lie superalgebra osp{2n\2m). 

Theorem 3. Suppose n > 1. For e N, "Hfc is an irreducible osp(2n\2m) -module if 
and only if k < m+l—n or k > 2(m + 1 — n) . When k < m + l — n, Ak = ©f=d^ ff^k-2i 
is a decomposition of irreducible osp(2n\2m) -submodules. 

Let k G Z. TTie osp(2n\2m) -module H(k) is irreducible if and only ifk < ni+m+1— n 2 . 
When k<ni+m+\ — n 2; A(k) = r f{^-{k~2i)) is the decomposition of irreducible 
osp{2n\2m)- submodules. 

Let xo be a bosonic (commuting) variable. Set 

oo k 

B = A[x ] = @B k , B k = J2^x l . (1.28) 

k=0 i=0 

Moreover, the corresponding supersymmetric Laplace operator and invariant become 

n m n m 

A' = d 2 XQ +2j2 d Xi d yi + 2 E d °r d #r, V' = 4 + 2J2 x ^ + 2 E Wr- (1-29) 

i=l r=l i=l r=l 

Then the representation of gl{n\m) given in (1.12) and (1.13) can be uniquely extended 
to a representation of osp(2n + l|2m) on B such that A' is an osp(2n + l|2m)-invariant 
operator and rf is an osp{2n + 1| 2m) -invariant. Denote 

n' k = {feB k | A(/) = 0} 

for k E N. 

Similarly, the representation of g/(n|m) given in (1.18)-(1.22) can be uniquely extended 
to a representation of osp{2n + l|2m) on B such that the operators 

A ' = ^ 2 o-2(E^+ E E Vsd x . + ^2deM (1.31) 

i=l r=«i+l s=n,2+l r=l 



(1.30) 



and 

ni 712 n rn 

rf = x 2 + 2(J2yid Xi + x r y r + Xsd ys +J2 e r$r) (1-32) 

i=l r=n\ + l s=rt2+l r=l 

are osp{2n + l|2m)-invariant operators. Set 

oo 

= E A (k-i)4, «'<*> = if G ^> I A'(/) = 0}. (1.33) 

Theorem 4. For any fceN, "H^, is an irreducible osp(2n + 1| 2m) -module. Moreover, 
B = ©^. =0 (?/)^fc is a direct sum of irreducible osp(2n + l\2m)-submodules. 

For any k £ Z ; ^ s a ^ irreducible osp(2n + \\2tyi) -module. Moreover, B — 

©^^(V)^^) ^ s a dzreci sum of irreducible osp(2n + l\2m)-submodules. 

The first conclusion in Theorem 3 with n > m + 1 and the first conclusion in Theorem 
4 with n > m were obtained by Zhang [Z]. 

In Section 2, we give the proof of Theorem 1. We prove Theorem 2 in Section 3. 
Section 4 is devoted to the proof of Theorem 3. We show Theorem 4 in Section 5. 

2 Proof of Theorem 1 

In this section, we want to prove Theorem 1. Recall the settings in (1.5)-(1.16). 
Set 

2m 

A = C[ Xl , x n , yi , ...,y n ], A = J2 02m (2- 1 ) 

i=0 

Then A and A are subalgebras of A, and A = AA. It is straightforward to verify 



Ei ! jA = AE i j, Eijrf = rjEij for i,j £ 1, m + n (2.2) 

by (1.12), (1.13) and (1.15). Indeed, r] is an invariant, that is, E i; j(r)) = for any 
i,j £ l,m + n. Write 

n m 

Q=J2 CE ^ Q = CE n+r,n+s- (2.3) 

i,j=l r,s=l 

Then they are Lie subalgebras of gl{n\m). Let 

n m 

H = ^ CE iti , H = ^ CE n+r:n+s , (2.4) 

i=l r=l 

Q + = C ^'i' E CE n+r,n+s- (2.5) 

l<i<j<n l<r<s<m 

We take H as a Cartan subalgebra of £ and Q + as the subalgebra spanned by positive root 
vectors in Q. Similarly, we take H as a Cartan subalgebra of Q and £ + as the subalgebra 
spanned by positive root vectors in Q. 
Let 

n n 

A = J2d Xi d yi , fj = ^2xiyi. (2.6) 

i=i i=i 



Recall 

x a = x?'--a%>, yP = y^...y^ for a = (a u .., a n ),(3 = (fa, (3 n ) G N n . (2.7) 
For ii,l 2 e N, we denote 

n n 

At lA = Span{xV | G N";^^ = A = M- (2.8) 

i=i i=i 

Define 

= {/ G Ae lA I A(/) = 0}. (2.9) 



For % G 1, n, we define £j G iJ* by 



e i (E jij ) = 6 i j for j el, n. (2.10) 

We have the following lemma (e.g., cf. [XI]): 

Lemma 2.1. Suppose n > 1. For any l\,t2, %i/ 2 ^ s 0, finite- dimensional irreducible 

Q -module with highest-weight vector x-^y^ of weight l\E\ + Moreover, 

00 

^WfeA (2.H) 

zs a decomposition of irreducible Q-submodules. 
When n = 1, we have 

He, = Cx[, H ,e = Cy{ for £ G N. (2.12) 

Moreover, 

00 

A= (77^,0 ©rf^+i)- (2.13) 

^1,^2=0 

Denote 

91 = ^^, e 2 = ^0 4 . (2.14) 

1=1 1=1 



For £1,^2 G 1,to, we define 

^ lA = e5 i ef. (2.15) 

Then Ae u e 2 is a finite-dimensional (/-module and 

m 

-4=0 A/, (2.16) 

£1/2=0 

Moreover, we define an ordering: 

0i -< # 2 -< ■ ■ ■ -< m -< $ m -< $ m -i -< ■ ■ ■ -< #1. (2.17) 



On the basis 



• • • Oir&ji •■•'Vjs \r,se 0, m\ 
1 < ii < i 2 < • • ■ < % r < m;m > j x > j 2 > • ■ • j s > 1} (2-18) 

of A, we define the partial ordering "-<" lexically. 
Write 

m m 

A = J2 d <>r d Or, f) = J2 d ^r- (2-19) 

r=l r=l 



For r G 1, m, we define 

9 r = 9 1 ---9 r , # r = $ m ---tf r . (2.20) 

For convenience, we let 

#o = l = C+i. (2.21) 
It can easily proved that a minimal term of any singular vector in Ag u g 2 is of the form 

— * — * 

9 r $ s for some r G 0, m and s G 1, m + 1 or 

Wr+l-W«-tfr+l (2-22) 

for some 0<r<si<S2<m + l. A Q- singular vector v is a nonzero weight vector of 
£/ such that ^+(f ) = 0. We count singular vector up to a nonzero scalar multiple. By 
comparing minimal terms, we can prove that 



{q%$ s |0<r<s<m + l;£e0,s-r-l;r + £ = £i;£ + m- s + l = £ 2 } (2.23) 

is the set of all (/-singular vectors in Ae lt e 2 . Let V TyS be the finite-dimensional irreducible 
(/-submodule generated by r i? s G v4. rjm+ i_ s . By Weyl's Theorem of complete reducibility 
(e.g., cf. [Hu]), 

© 0^r,. (2-24) 

0<r<s<m+l £=0 

is a direct sum of irreducible ^-submodules. 
Define 

U = {feA\ A(f) = 0}. (2.25) 

Note 

£-n+r,n+sA = Ai? n+r . in+s , E n+rt n +s Tj = l)E n+r ^ n+s Oil ^4 (2.26) 



for r, s G 1, m. Moreover, 

m 

Af) = f)A - m + ^2(9 r de r + (2.27) 

r=l 

by (2.19). Furthermore, 

A(tt) = if r < s. (2.28) 

Hence 

V ryS dU for < r < s < m + 1 (2.29) 



by (2.26). Suppose 0<r + l<s<m + l and £ G 1, s — r — 1. For any / G we have 

e-i 

Wf) = + r + 1 " s ))^"V = ^ + r - s )^"V- (2-30) 

p=0 

Therefore, 

# = K, s . (2.31) 

0<r<s<m+l 

In particular, 

"%r,m+l-s = {/ G A r ,m+l-s | = 0} = ^4 rjm+ i_ s [^| "H = K,s (2.32) 

for0<r<s<m + l and 

A^H^^W if4+^2>m + l. (2.33) 

For r G 1, m, we define ej. G by 

4(£n+ s ,n+ s ) = 5r, s for s G T~m. (2.34) 

Moreover, we treat e' = e' m+1 = 0. Then we have: 

Lemma 2.2. For 0<r<s<m + l, "H rim+ i_ s is a finite- dimensional irreducible 
Q-module with the highest-weight vector 9 r $ s of weight Y7 P =o £ ' P ~~ Yl™=s £ 'q- Moreover, 

s—r—l 

A= f) e H r , m+ i-s- (2.35) 

0<r<s<m+l £=0 

Recall 

n 

Af) = f}A + n + J2( x i d xi+yi d yi ) (2-36) 
i=i 

(e.g., cf. [XI]). Note A = A+A. For £ u £ 2 , h e N, < r < s < m+1 and £ G 0,s - r - 1, 
/ G and # G TA-.m+i-a, we have 

k(rf*fffg) = £ 3 (n + £, + £ 2 + £ 3 - ^fj^fj'fg + £(£ + r - s)^' 1 fg. (2.37) 

Suppose r + 1 < s and £ G 1, s — r — 1. If 

i 

AC£a P V P V e - p fg)=0, (2-38) 

p=0 

then 

(£-p)(p + s-r-£)a p = ( P + l)(n + £ 1 +£ 2 +p)a p+1 for p6 0,^-1. (2.39) 

Thus we can take a = {£ + l)![]l« + i(t2 + n + h + ^2 - 1)] and 

v £+i 
a P+ i = [Y[(e-Li)(Li + s-r-e)}[ J] ^(.2 + n + ^+^-l)] (2.40) 

H=0 l2=P+2 



for p G 0, £ — 1. Denote 

£+1 <-l p 

£ 2 ; r,s,i) = (£ + 1)![JJ (i 2 + n + ^ + £ 2 - 1)]^ + J} J] - + s - r - £)] 

12=1 p=o 11=0 

e+i 

x [ J] t 2 (t 2 + n + £x + £ 2 - l W^f, 1 -?- 1 . (2.41) 

t 2 =P+2 

For convenience, we treat 

$t(e 1 ,e 2 ;r,s,o) = n + e 1 + e 2 . (2.42) 

Write 

£ = £ + £^(n,C)e(?Z(m,C). (2.43) 

Then 

00 s—r—l 

^= (V £i ne 2/3 )tfn r , m+1 - s ) (2.44) 

<l,<2,4=0 0<r<s<m+l 1=0 

is a direct sum of irreducible ^-submodules. By (2.2), 

H = {feA\ A(/) = 0} (2.45) 
forms a g/(n|m)-submodule, and so it is a ^-submodule. According to (2.37)-(2.42), 

oo s—r—l 

^=0 W2,^r,s,£)(n h/3 n r , m+1 _ s ) (2.46) 
e 2 ,e 3 =o o<r<s< m +i e=o 

is a direct sum of irreducible ^-submodules. 
For £, £' G N, we let 

Aw = A ei/2 A kM (2.47) 

<iAeN, ^Aeo^n; ^i+£ 3 =£, £ 2 +£ 4 =^ 

and 

Utf = Ae t t>f)'H. (2.48) 
Then ^4^/ and "H^/ are g/(n|m)-sub modules. Moreover, 

Utjn = 3f(4, ^2; r, s, « 3 )«< lA W. (2.49) 

is a direct sum of irreducible ^-submodules. Take the Cartan subalgebra H = H + H oi 
Q (cf. (2.4)) and the subspace £ + = £ + + (y + (cf. (2.5)) spanned by positive root vectors 
in Q. A Q-singular vector v is a nonzero weight vector of Q such that G+(v) = 0. We 
count singular vector up to a nonzero scalar multiple. Hence we have: 

Lemma 2.3. The set 

{9(4f 2 ;r,Ms)(i{^M.) |UeN;0<r< S <m + l; 

4 e 0,s-r- 1; £i + r + £ 3 = £, £ 2 + £ 3 + m + 1 - s = £'} (2.50) 



is the set of all the Q-singular vectors in He t e>, where £\£2 = £[£'2 = if n = 1. 
Take H = H + H as a Cartan subalgebra of the Lie superalgebra gl(n\m) and 

n m 

gl(n\m) + = G+ + J2J2 CE r,n+s (2.51) 

r=l s=l 

as the subalgebra generated by positive root vectors. A gl(n\m)- singular vector v is a 
nonzero weight vector of gl{n\m) such that gl(n\m)+(v) = 0. We count singular vector up 
to a nonzero scalar multiple. Assume that x l L yn8 r >'d s / is a g/(n|m)-singular vector, where 
£[£> 2 = when n = 1. If r' ^ 0, then 

E l>n+rl (x^y%Q r S sl ) = (xi9 #r , -$ r ,d yi ){xfy%Q r S s ,) 

= (-ly'-'xf^y^A' - ^J^y^'HjJs, ± (2.52) 

by the second equation in (1.12), which contradicts the definition of singular vector. So 
r' = 0. Suppose £ 2 > and s' > 1. Again the second equation in (1.12) gives 

= -^xf j/J- 1 ^-!^'-! 7^ 0, (2.53) 



which is absurd. Thus x^ynQr'^s 1 is a gZ(n|m)-singular vector if and only if r' — and 

4( 



" ( s ' - 1) = 0. 



For ^, £ 2 e N, 1 < r < s - 1 < m and £ e 1, s - r - 1, 

E 1 , n+S _ 1 [^(£ 1 ,£ 2 ;r,s,£)} = (x 1 dg s _ l - # s - 1 d yi )[%(£ 1 ,£ 2 ; r, s, £)] 

£+1 1-2 V 

= xi# a _i{(* + i)![ii(t2 + n + 4 + £2 - + Y}j[ ^ - l ^ + s - r - £ )] 

t2 = l P=0 tl=0 

x(£-p-l)[ n L2 ( L2 + n + £ t + £ 2 - l)W +1 fi e ~ p - 2 

L2=P+2 

l-\ v £+1 

-^(p+^tn^-^^+s-r-^t n t2 (i2+n+4+^-i)]^- p - 1 } 

p=0 n=0 t 2 =P+2 

= £(£+l)(n + £ + £ 1 +£ 2 + r-s)S(£ 1 + l,£ 2 ;r,s-l,£-l)a: 1 ^_ 1 . (2.54) 
Moreover, (2.41) yields 

S(£i,£ 2 ;r,s,£) = (£ + l)\[Y[(i 1 + s-r-£)}r ] e if n + £ + h + £ 2 + r - s = 0. (2.55) 

n=o 

Suppose that ^s(£i, £ 2 ;r, s, £ 3 )(x e 1 1 y < ^9 r -& s ) is a g/(n|m)-singular vector, then 

n + £ 3 + £ 1 +£ 2 + r-s = (2.56) 

and 

£ 2 ; r, s, 4)(^Nn Ms) = cq^xi^ffJs, (2.57) 
where c = (4 + l)![nf 1 =o( i i + s ~ r ~ 40] by (2.55). Since 

E itn+r (cr) e ^y e n *9 r 3 s ) = crf*E i , n + T {x t £ 1 fc§ r $ 8 ) (2.58) 



by (1.12), the arguments in (2.52) and (2.53) show r = £ 2 (s — 1) = 0. On the other hand, 
1 < 1 + r < s. So £ 2 = 0. According to (2.56), 

e 3 = s-£ 1 -n. (2.59) 

Thus we only get the singular vector 

v s~h~n x i^ s e n a _ ntm+1 _ n _ ei with s>£ 1 + n. (2.60) 

Note n < m by 4 > 0. Moreover, s < m + 1 implies 

s — n, m + 1 — n — £\ < m + 1 — n. (2-61) 

Furthermore, 

(s - n) + (m + 1 - n - £i) = m + 1 - n + £ 3 > m + 1 - n. (2.62) 
This shows that 

He/' has a unique (7/(n|m)-singular vector if 

£>m + l- nor£'>m + l- nor£ + £'<m + l-n. (2.63) 
Suppose n <m and £, £' G 0, m + 1 — n such that £ + £'>m + l— n. We take 

s = n + £, £ 1 = m + l-n-£', £ 3 = £ + £' + n - m - 1. (2.64) 

Then 
Hence 

He,e> has exactly two g/(n|m)-singular vectors if £ + £' > m + 1 — n. (2.66) 

In summary, we have: 

Lemma 2.4. Lett, (! E N. If I > m + 1 - n or (! > m + 1 - n or £ + £' < m + 1 - n, 
the gl{n\m) -module Tie/' has a unique gl{n\m)- singular vector. When £, £' < m + 1 — n 
and £ + £' > m+1 — n, the gl{n\m) -module Hz/* has exactly two gl{n\m)- singular vectors. 

Fix £, £' G N. Let 

v^ = x[y l n H s , £ 1 +m + l-s = £', 4(s - 1) = 0, ^4 = 0. (2.67) 
Lemma 2.5. The gl{n\m) -module He/' is generated by ve,e>. 

Proof. Let M be the g/(n|m)-submodule of He,£' generated by v^. First consider 
n > 1 or £ = 0. For any s' G s + l,m+l, we have 

E n+s '^ n E n+sl ^ n ■ ■ ■ E n+S)n {ve,e') = x[y^ +s '~ s d s , G M (2.68) 

by (1.13). In other words, 

x[y^S s ' G M for any £ 2 G N and s' G l,m + 1 

such that £ 2 + m + 1 - s' = £' and 5 nA ££ 2 = 0. (2.69) 



If i > 0, then for any 1 < r < min{£, s' — 1}, we have 

r-l 

E n+ltl E n+2tl ■ ■ ■ E n+rtl (x[y e n ^) = []J(£ - p)]x[- r y%$ s , e M (2.70) 

p=0 

by (1.13) again. Thus we have showed that 

x[ 3 y e n 2 6 r $ s , G M whenever r + £ 3 = £, £ 2 + m + 1 - s' = £' , 5 n:1 £ 2 £ 3 = (2.71) 

for £ 2 ,£ 3 G N and 0<r<s'<m + l. Recall the Lie algebra Q defined in (2.43). As 
^-modules, 

^ ^< 3 /2^r,m+l-s' C ^f- (2.72) 

r+£ 3 =£, £ 2 +m+l-s'=£' 

For ieN + 1, we define 

U% = {fe I A'(/) = 0.} (2.73) 

Then 

Uf}j= n e3 , e2 H r ,m + i-s' C M. (2.74) 

Denote 

V = min{£,f}. (2.75) 

Then 

H?f +1) = Ui# (2.76) 



by (2.49). Let U,GN,0</|1 < s' < m + 1 and £ 3 E 1, s' - r' - 1 such that 
t\ + h + r' = £ and £ 2 + £3 + m + 1 - s' = £'. Then 

£ 2 ; r', s', £z){x[^ej s ,) e (2.77) 

and 

A*^, £ 2 ; r', s', £3) (4^9^') = c(£ 1: £ 2 ; r', s', h)x^B r S sl (2.78) 

with 

k>, 

c(£ 1 ,£ 2 ;r / , S / ,£ 3 ) = 4(n + £i+£3 + 4-l)(^ + ^i + 4 + 4)(4 + l)![n( s, - r, -P)] ( 2 - 79 ) 

p=i 

by (2.36) and (2.41). On the other hand, 



x 



1 y-n u r 



.'tis'-es e M with <5 njl £ 2 = (2.80) 



by (2.71) and 

M 3 f — _E n+s /_i i i£ , n+s /_ 2j i • • • E n+s /^.£ 3j i(x e 1 1+e3 y^9 r /'& s '^e 3 ) 

= (-i)^i/f»f^ + £ C.1/S (2-81) 

i=0 

with Co, ...,C<s-i e C[xi]^l (cf. (2.3)). Moreover, 
, 2 f£i + 13 



A*[(€ s !) 2 f Y 3 l^i,^;^,^^)^ 1 ^ 2 ^^) " (-ir a c(4,£ 2 ;r', S ',£ 3 )/] = 0. 



(2.82) 



Hence 

3(4, 4; r, s', t3)(He lA Hr>, m+ i-s) C ftgr + M. (2.83) 
By (2.49) and induction on i, we have 

ftJJ c M for any i G N + 1. (2.84) 

According to (2.86), He,e = M. So H^e' is generated by vg^. □ 

Proof of Theorem 1 

According to (2.66), a necessary condition for He/' to be an irreducible gl(n\m)-modvie 
is£>m + l — nor£'>m + l — nor£ + £'<m + l— n. To prove the sufficiency, we 
suppose that £>m + l — noi£'>m + l— noi£ + £'<m+l — n. Let V be a nonzero 
g/(n|m)-submodule of 7-^'. According to Lemma 2.4, T-L^i has a unique singular vector 
vgf (cf. (2.67)). Since V is finite-dimensional, it contains a singular vector. So G V. 
Lemma 2.5 says V = Hej'- Hence T-Lg^i is an irreducible g/(n|m)-module. 

Let 4,4 € N and < r < s < m + 1 such that n+4+4+r-s > and 5„,i44 = 0. 
For any 4 G N + 1 and £ 3 G 0, s - r - 1, 

A u+ \rj e ^{e u e 2 -,r,s,e 3 )x e ^eJ a ) = (2.85) 

and 

= 4! 0( n + i + ti + 2£ 3 + r- s)]3(4, 4; r, s, ^(^l^M,) 7^ (2.86) 
i=i 

by (2.27) and (2.36). Thus the set 

{ V i4 Wi, 4; r, s, ejtfyZWs I 4 e N, 4 e 0,s-r-l} (2.87) 

is linearly independent. 
Note that 

rf- r x^Q r $ s = (2.88) 
by (2.19) and (2.20). So for any k G N, 

Span^ 4 ^!, 4; r, s, £ 3 )x{ 1 y e n 2 6j s \ 4 G N, £ 3 G 0,s-r-l; 4 + 4 = ^} 
C Span{7^ 5 ^ 6 x^ a M a I 4 e N;4 G 0, s - r - 1; 4 + 4 = fc}. (2.89) 

But the linear independency of (2.87) implies that the above subspaces have the same 
dimension. Thus 



Span{?/ 4 3(4, 4; r, s, l 3 )x['y^ s | 4 G N, £ 3 G 0, s - r - 1} 

Spaii^^x^M, I 4 G N; 4 G 0, s - r - 1}. (2.90) 



Therefore, as (/-modules, 

s—r—l oo s—r—1 00 



^^S(4,4;r,s,4)^ l/2 ^, m+ i- s = J^^W^^i-,. (2.91) 

£3=0 £4=0 £5=0 4=0 



Assume that \£-£'\ > m + 1 —n or £ + £' < m + 1 - n. According to (2.44) and (2.90), 
the (/-module 

Atj> = Span{rf 5 rf 6 %^ 2 74 )m+ i_ s li,44eN;0<Ks<m + l;f 5 e 0,s-r - 1; 
S n ,i£i£2 = 0; 4 + 4 + 4 + r = £, 4 + 4 + 4 + m + 1 - s = £' } 
= Span{r/ 4 3(4, 4; r, s, h)U^U r , m +i-s I 4,4, 4 e N; <5 n ,i44 = 0;0<r<s<m + l; 
4 G 0,s-r- 1; 4 + 4 + 4 + r = 4 4 + 4 + 4 + m + 1 - s = £'}. (2.92) 

According to (2.49), (2.91) and (2.92), 

k t,t> 

A*' = 0^-M'-* (2-94) 

i=0 

(cf. (2.75)). Let i G OT^J'- H \£ - £'\ > m + 1 - n, then 

£ - i > \£ - £' | > m + 1 - n or £' - i > \£ - £' \ > m + 1 - n. (2.95) 

When £ + £'<m+l-n, 

{£ - i) + {£' - i) = £ + £' - 2i < m + 1 - n. (2.96) 

Thus all He-i/'-i are irreducible gl(n\m)-sub modules. Hence (2.94) is a direct sum of 
irreducible gl (n|m)-sub modules. 

This completes the proof of Theorem 1 . □ 

The following result will be used to obtain explicit bases for modules. 

Lemma 2.6 (Xu [XI]). Let B be a commutative associative algebra and let A be a 
free B-module generated by a filtrated subspace V = [J^ V r (i- e -> K C V r+ i). Let T\ be 
a linear operator on A with a right inverse T{ such that 

Ti(B), Tr(B) c B, TxM 2 ) = 71(770772, Tf^) = Tf (r^ (2.97) 

for rji G B, r}2 G V , and let T 2 be a linear operator on A such that 

T 2 (V r+1 ) C BV r , T 2 (f() = fT 2 (C) for r G N, / G B, ( G A. (2.98) 

Then we have 

{geA\(T 1 + T 2 )(g)=0} 

oo 

= Span{J2(-TiT 2 y(hg) | g G V, h G B; T^h) = 0}. (2.99) 

i=0 



Set 

e t = (0,...,0,1,0,...,0) G N n (2.100) 
For each i G l,n, we define the linear operator J"^ on .4. by: 

/ (a; a ) = foraeN". (2.101) 

J(xi) ot% + 1 



Furthermore, we let 



I = 1, / =/■■•/ for 0<meZ (2.102) 

J (xA J(xA J (xi) J (xi) 



.(0) Mm) / ~ 

= 1 ' / =/ 

and denote 

»(a) /•(ai) /"(«2) /"("«) 



= / / ... / for a£N" (2.103) 



Obviously, is a right inverse of d a for a G N n . We remark that j (a) d a ^ 1 if a ^ due 
to <9 Q (1) = 0. In this paper, our Ti's are of the type d a and the right inverse T-f = f*"' 1 . 
Denote T = and 



^ = {j = (ji, J 2 , ..,#) | 1 < ji < 32 < ■ ■ ■ < je < m} for £ G 1, m. (2.104) 
Moreover, we set 

e 9 = & 9 = i, e J = e jl e j2 -'-e ji , & 1 = & jl & j2 (2.105) 

Then the set 

(E m r 7 , (E 9 *A + E W W I a, /? G N n ; 

to n r =i («i + *) (a + *) ^ tt 

Jg r^;fc G r, 2 ; ai/3i = 0; 4, £ 2 G 0^; |a| + £ x = £; \(3\ + £ 2 = £'} (2.106) 

forms a basis of He,e by Lemma 2.6 with Ti = d Xl d yi , T 2 = A — Ti and T-f = J", , J", 

Remark 2.7. If £, £' < m+1 — n and £+£' > m + l — n, then He^* is an indecomposable 
g/(n|m)-module by (2.66) and Lemma 2.5, and H^e C\vAe-i t e-i 7^ {0}. This also shows 
that Ai/i is not completely reducible when \£ — £'\ < m + 1 — n and £ + £'>m + l— n. 

3 Proof of Theorem 2 

In this section, we want to prove Theorem 2. Recall the settings in (1.5)-(1.11) and 
(1.18)-(1.25). 

The Laplace operator in (2.6) changes to 



n 



a = -E^ + E d *rdyr- E y* 9 ** ( 3 - x ) 



i=l r=ni+l s=n2+l 

and its dual changes to 

n\ 112 n 



7] = ^2yid Xi + ^ X rVr+ E Xs9 y°- ( 3 - 2 ) 



i=l r=n\+l s=n2+l 



We take (2.19) and then supersymmetric Laplace operator in (1.23) and its dual in (1.24) 
can be written as: 

A = A + A, 77 = 77 + 7/. (3.3) 



Then with respect to the representation in (1.18)-(1.22), we have 

EijA = AE id , Eiji] = TjEij for i,j e l,m + n. (3.4) 

Moreover, we take the settings in (2.1), (2.3)-(2.5) and (2.7). 
Denote 

n m n2 n 

^ life) =Span{xV|a,/3eN"; ^ a r - a, = £ ± ; £ A - ]T A = 4} (3.5) 

r=n\+l i=l i=l r=?i2 + l 

for £1,^2 ^ ^- Then A(e 1; £ 2 ) forms a ^-submodule. Moreover, for £,£' e Z, we let 

Av) = 5^ ( 3 - 6 ) 

ti,hez, ti+£z=t, £ 2 +£4.=£' 

It can be verified that A^e) forms a g/(n|m)-submodule. Define 

H = {feA\ A(/) = 0}, ?^ 2> = ftflAw ( 3 - 7 ) 

By (3.4), forms a g/(n|m)-sub module of »4(^'). According to [LX], we have: 

Lemma 3.1. The nonzero vectors in 

{CmxT'yD I m 1 ,m 2 eN;i = m,m + 1; j = n 2 ,n 2 + 1 - <5„ 2 , n } (3.8) 

are a// £/ie singular vectors of Q (cf. (2.3)- (2.5)) in A (cf. (2.1)). 

Recall g = Q + g (cf. (2.3)). Take the Cartan subalgebra H = H + H of g (cf. (2.4)) 
and the subspace g + = Q + + (cf. (2.5)) spanned by positive root vectors in g. Then 
the nonzero vectors in 

{CMK^rW I m i' m 2 6N;i = m,m + 1; 

j = n 2 , n 2 + 1 - 5 n2 ,„; 0<r<s<m+l} (3.9) 

are all the (/-singular vectors in A. Choose if as a Cartan subalgebra of the Lie superal- 
gebra gl{n\m) and gl{n\m) + = g + + Ylr=i YlT=i ^^r,n+s as the subalgebra generated by 
positive root vectors. 

Fix £,£' e Z. Then a g/(n|m)-singular vector in A{e,e') must be of the form 

min{s— r— l,£i} 

f= J2 Kff^ff{xTvT^s), (3.10) 

p=0 

where £i,mi,m 2 e N, 0<r<s<ra + l, 6 P G C and 

G {(ni,n 2 ), (ni,n 2 + 1 - <J„ 2 ,„), (rai + l,n 2 ), (m + l,n 2 + 1 - o"„ 2 , n )}. (3.11) 

— * — * 

Suppose that £\ = or s — r — 1 = 0. Then we can assume / = x^y^Q^ s . If r 7^ 0, 
then (1.21) implies 

E m+1 , n+r (f) = (-ly-'x^x^ype^s ^ 0, (3.12) 



which is absurd. So r = 0. Assume that m 2 > 0, s > 1 and j = n 2 . According to (1.21), 

E n2 , n+1 (f) = -m.xT'yf 2 - 1 ^ ^ 0, (3.13) 
which leads a contradiction. Hence m 2 (s — 1) = if j = n 2 . If n 2 < n, then we have 

K 2+ l,n+l(/) = xTvTVn^Ms + (3.14) 

by (1.21), which is absurd. Thus s = 1. In summary, 

/ = x™ l y] l2 $ s with s = 1 or n 2 = n and m 2 = 0. (3.15) 

Consider the case i\ > and s — r — 1 > 0. By (1.21) and the fact f) s ~ r ~ 1, & r+ i9 r '& s = 0, 
we have 

= E ni+1;7l+r+1 (f) = (x ni+1 do r+1 - $ r+1 d yrii+1 )(f) 

min{s— r— l/i} min{s— r— — 1 

= t E pm*~v~ 1 - E (^-^M^-^v^ryr^)] 

p=l p=0 

xx ni+1 & r+1 xry?*8 r $ 9 , (3.16) 
which implies 

/ = &o(*7 + ^(^rW = bo^ix^ypeJs). (3.17) 
The arguments in the previous paragraph and (3.4) give: 

Lemma 3.2. Any gl{n\m) -singular vector in A^e') must be of the form: 

^(xT'ypds) with£ 1 ,m 1 ,m 2 G N, s G l,m + 1 and (5.ifl; (3.18) 

swc/i £/ia£ s = 1 or n 2 = n and m 2 = 0. 

We define 

b= ^2 x r d Xr - E^^i> t>' = E^%- E ( 3 - 19 ) 

r=ni+l i=l i=l r=ri2+l 

Then 

^ = {/ G ,4 | b(/) = €/; b'(/) = (3.20) 

We calculate 

A^^A + na-ni + b + b'. (3.21) 
For t x G N + 1 and / G (cf. (3.7)), (2.27) and (3.21) imply 

At/H/) = ^i(n 2 - ni - m + £ + + £i - (3.22) 

Thus 

A?/^/) = £ + < m + m - n 2 and ^ = m + m - n 2 - £ - i' + 1. (3.23) 
If the condition holds, then 

r ) 1 (f) ^ H{m+m-n2-e'+l,ni+m-n 2 -e+l)- (3.24) 



Moreover, 

(m + m - n 2 - £' + 1) + (ni + m - n 2 - £ + 1) > n x + m - n 2 + 2. (3.25) 
Observe that 

^n/^^s ^ ^(-mi,m+l+m2-s)) ^ra/^+l^l ^ "^(-mi,m-m 2 )> (3.27) 

X ni+lVn2^ s ^ ^(mi,m+l+m 2 -s)) X n ^ + iU n 2+l$l G ^(mi,m-m 2 )' (3.28) 

By Lemma 3.2, 

any nonzero H^p) contains a singular vector of the form x^y^^g, (3.29) 
where s = 1 or n 2 = n and m 2 = 0. 



Now we consider / = x™ 1 y™' 2 'd s with m 1 ,m 2 G N, s G l,m+ 1 and (3.11) such that 
s = 1 or n 2 = n and m 2 = 0. Assume A?/ 1 (/) = for some £ x G N + 1. 

Case 1. = (ni,n 2 ). 

In this subcase, £ = —mi and £' = m 2 + m + 1 — s by (3.27). Thus m 2 — mi + 1 — s < 
rii — n 2 and £\ = ri\ + mi + s — n 2 — m 2 by (3.23). So 

?7 G - H{ ril + s _ n2 _ m2 ,ni+mi-n 2 +m+l) • (3.30) 

Case £ (i,j) = (nx,n 2 + 1). 

In this subcase s = 1, £ = —mi and £' = m — m 2 by (3.27). Thus mi + m 2 > n 2 — n x 
and £i = rii + m x + m 2 — n 2 + 1 by (3.23). Hence 

^ X (/) G 'H{n 1 +m 2 -n2+l,n 1 +m 1 -n2+m+l) ■ (3.31) 

Case 3. (2, j) = (ni + l,n 2 ). 

In this subcase, £ = mi and £' = m 2 +m+l — s by (3.28). Thus m 2 +mi + l — s < rii—n 2 
and £i = rii — mi + s — n 2 — m 2 by (3.23). So 

V (/) ^ H(n\+s— ri2— rrt2,ni— mi— ri2+m+l) • (3.32) 

Case ^. = (ni + l,n 2 + 1). 

In this subcase s = 1, £ = mi and £' = m — m 2 by (3.28). Thus m x — m 2 < rii — n 2 
and £i = rii — mi + m 2 — n 2 + 1 by (3.23). Hence 

?7 G l-i^a 1 +m2-n2+l,n 1 ~m 1 -n2+m+l) ■ (3.33) 

Thus we obtain: 

Lemma 3.3. A nonzero gl{n\m) -module H {£,£') has a unique singular vector if and 
only if £ + £' < ni+m+1 — n 2 or £ ^ ni + l — n, ni + m + 1 — n and n 2 = n. If the 
condition holds, the unique singular vector is of the form x^y^dg with (3.11), where 
s = 1 or n 2 = n and m 2 = 0. 



Fix %{(,,£>) 7^ {0}. Assume 



for some in (3.11), mi,m 2 G N and s G l,m+ 1 such that s = 1 or n 2 

m 2 = 0. 

Lemma 3.4. As a gl{n\m) -module, H{e,e) is generated by v^i. 
Proof. Denote 

f = {& = (a ni+1 , a n2 ) G N n2 ~ ni }, \a\ = ^ a ni+i . 



i=i 



Set 



•^[^'m+l) • •• ? -£n2 5 Uni+1) •••■> 2/712] j 



m «2 



A = - J^ari9 w + ^ ^ r ^ r - j/ a x . + A. 

i=l r=ni+2 s=«2+l 

Then A = <9 Xn +1 d Vn +1 + A. For any k±, k 2 G N, we define the operator 



rp _ I L ) x m+li/rai+l 

fcl ' fc2 tZK=i(h+r)(k 2 + r) 



Then Lemma 2.6 yields 



n m = Spau{T ani+li/3ni+1 ([ J] a?f y?])^) \a,pe N n ; 

j^ni+l 



j G T £l ;k G r^;£i,£ 2 G 0,m; s+i^+i = 0; 

ri ni n,2 n 

^ a s -^a r + £ 1 = £;£/3 r - ]T /3 s + £ 2 = £'}, 

s=ni+l r=l r=l s=7i2+l 



"2 



W<^> = Span{T Qni+lAi+1 ([ J] x?$\)0i& % ) \ &J G f; J G r tl ; k G r, 2 ; 

i=ni+2 

a„ 1+ i/3„ 1+ i = 0; 4, ii G 0~m; |a| + h = l\ + £ 2 = £'}. 



Write 



Gi=J2 CE ^> & = CE ^ 

i,j=l r,s=ri2 + l 

n 

g 3 = CEi ^ g *= CE ^- 

m+i&jeTw r,s=ni+2 



Then 



^A = Ae for £eft, iei,4. 

Denote by V the g/ (n|m)-sub module of "H^,^} generated by i>^/. By (1.18)-(1.20) 

-^Tii+l,ni |»4 •^m^'Tii+l Z/ni^j/ ni +i' -^712+1,712 l»4 712 + 1 VniVni+l- 



According to (1.21) and (1.22), 



E n2 , n+r = -x n2 d dr + $ r d yn2 , E n+rjTl2 = 8 r d Xn2 + y n2 d# r for r G l,m. (3.46) 
Repeatedly applying the operators in (3.45) and (3.46) to v^g, we obtain 

G V (3.47) 



for pi G N and s' £ l,m+l such that 

P2 ~ Pi = t, Ps - Pa + m + 1 - s' = £', p 3 {s' - 1) = 0. (3.48) 
Lemma 2.5, (2.67), and (3.37) tell us that 

< 1 1 S/£+i#<P2 lP 3+m+l--'> C V - ( 3 - 49 ) 

Let U(Qi) be the universal enveloping of the Lie algebra Applying U (Qi) and U (Q 2 ) 
to (3.49), we get 

m n 

tn^H II yt]n {P2 , P3+m+1 - s/) cv (3.50) 

tl=l t 2 =«2 + l 

for any (cki, a ni ) G N ni and (/3„ 2 +i, /3„) G N n_n2 such that « 4 = p\ and 
Er 2 =n 2 +iA 2 =P4- Applying C/(£ 3 ) to (3.50), we obtain 

7k 1+lAl+1 ([ n ^yffA)^ ( 3 - 51 ) 

by (3.41) and (3.44), where a,/3,j,k are as those in (3.40) and a n2+1 = ■ ■ ■ = a n = 0. 

— t — * 

Finally, we get (3.51) with any a,(3,j, k in (3.40) by (3.44) and applying U{Qa). According 
to (3.40), V = H m . □ 

Proof of Theorem 2 



Suppose £ + £' < ni + m + I — n 2 or £ ni + I — n,rii + m + 1 — n and n 2 = n. Let 
V be a nonzero submodule of "Ham. According to Lemma 3.3, the vector v^g in (3.34) 
is the unique singular vector of Hm?). Since gl(n\m) + in (2.51) is locally nilpotent by 
(1.18)-(1.22), V contains a singular vector. So v^i G V. By Lemma 3.4, V = Hy^), that 
is, 7-L(t,ej) is irreducible. The necessity also follows from Lemma 3.3. 

Assume £ + £' < n\ + m + 1 — n 2 . Since A is locally nilpotent by (3.1) and (3.3), for 
any 0^«G -4(v)> t nere exists an element k(u) G N such that 

A K(u) («) ± and A K(u)+1 (u) = 0. (3.52) 

Set 

*= I v?°"i!« '"""""! i [' !2<n " < m3 > 

I Li=o^ Vi(e-i,e'-i)) if "-2 = n. 

Given ^ « 6 ^4(^'}> = 1 implies w G 7~L{e,e) C Suppose that -u G ^ whenever 
k(m) < r for some positive integer r. Assume ft(tt) = r. First 

v = A r (u) G H {e - r ,e-r) C (3.54) 



Note 

r 

A r [r] r (v)] = r\[~[[(n 2 - m - m + £ + £' - r - i)\v (3.55) 
i=i 

by (3.22). Thus we have either 

u = , rTTr . -. — j, ^rf{v) e (3.56) 

or 

K ( u TrFrr 7 2 7, ^rfiv) I < r - (3.57) 

V r\[H r i=1 (n 2 - ri! - m + £ + £' - r - i)] v ') v 1 

By induction, 

u - -= ^rf{v) e (3.58) 

which implies «ei Therefore, we have \I/ = «4(^/). Since all rj l (H(e-i t e-i)) have distinct 
highest weights, the sums in (3.53) are direct sums. 
This completes the proof of Theorem 2. □ 

Remark 3.6. If £ + £' > n\ + m + 1 — n 2 and £<rii + m + l — n 2 when n 2 = n, the 
g/(n|m)-module H{e t e) is indecomposable. When £ + £' > rt\ + m + 1 — n 2 , A{e,e>) is not 
completely reducible. 

Recall the notations in (2.104) and (2.105). The set 

(A - d x +1 d y +1 ) i (xVMiP) 

t^n; =1 K 1+ i + r)(/3 ni+1 + r) 1 ^ +iM 

\a,(3e N n ;jET ei ;ke T h ;a ni+1 (3 ni+1 = 0;£ h £ 2 G 0~m; 

n ni n2 n 

^ ar _^ a . + ^ 1= ^g^._ ^ /3 r + ^ 2 = ^} (3.59) 

r=n\+l i=l i=l r=?i2 + l 

forms a basis of H(e,e>) by Lemma 2.6. 

4 Proof of Theorem 3 

In this section, we want to prove Theorem 3. 
Set 

n m 

A^O = C(-Ejj — E n+ j^ n+ i) + C(i?2n+r,2ra+s — -E2ri+m+s,2n+m+r) , (4-1) 

i,j=l r,s=l 
n m 

+ )]■ (4-2) 

i=l r=l 

Then /C = /C + /Ci forms a Lie sub-superalgebra of gl{2n\2m) isomorphic to gl{n\m). Let 
osp(2n\2m) = /C + ^ [C(^ n+i - £y, n+i ) + C(E n+iJ - E n+j J] 

l<i<j<n 

+ [^(^n+r^n+m+s + -^2n+s,2n+ra+r) 

l<r<s<m 

+C(-&2n+m.+r,2n+s + ^2n+m+s,2n+r)] , (4-3) 



OSp(2n\2m) 1 = K, X + ^ ^2[^( E i,2n+m+r + #2n+r,n+i) + C(E n+i:2n+r - E 2n+m +r,i)]. (4.4) 
i=l r=l 

The space osp{2n\2m) = osp(2n\2m) + osp(2n\2m) 1 forms a simple Lie sub-superalgebra 
of of gl(2n\2m). Moreover, its Lie subalgebra 

osp{2n\2m) ^ o(2n, C) © sp{2n, C). (4.5) 

Take settings in (1.8)-(1.11). Define a representation of osp(2n\2m) on A determined 

by 

En+j,n+i)\A = x i^Xj~Vjdy v \E 2n+r ^ 2n+s ~~ E 2n +rn+s,2n+m+r) \A = ®rde s ~^ s d^ r , (4.6) 
(Ei,2n+r~ ^2n+m+r,n+i)\A = x i&0 r ~^r9 yi , {E 2n+r ^ + E n+ij2n+m+r ) \a = 9 r d Xi +l)id$ r , (4.7) 

(Ei 

Ej >n+ i)\_A — Xid yj Xjd Vi , {E 2n+m+r ^ 2n+s -\-E 2n+m+St2n+r )]\ A = #rdo,+# a do r , (4.8) 
{E n +i,j— E n+ j t i)\ A = Vid Xj —yjd Xi , (E 2n+rt2n+m+s +E 2n+Sj2n+m+r )\j L = r d$ s +9 s d$ r , (4.9) 

(^,2n+m+r + ^2n+r,n+i)b = x id& r + r d yi , {E n+i)2n+r — E 2n+m+r ^) |_4 = yidg r —'& r d Xi (4.10) 

for i,j £ l,n and r, s G 1, m. 

Recall that we write 6i = C #r and 2 = E^=i For ken, we denote 

A = SpanfaVefeJ \a,pe N n ;£i,4 G N; |a| + £[ + \/3\ + £' 2 = k}. (4.11) 
Again we take 

n m n m 

A = Y, d A ?7 = J>*^ + X)Mr. (4.12) 

i=l r=l i=l r=l 

Set 

n m n m 

i=l r=l i=i s=l 

Then 

osp(2n|2m)U = {T G W | Tfa) = 0}. (4.14) 

Moreover, 

£A = Af , £77 = 77^ for f G osp(2n|2m) (4.15) 
as operators on A. For fceN, the subspace 

n k = {feA k \ A(/) = 0} (4.16) 
forms an osp(2n|2m)-submodule. First we prove the first conclusion in Theorem 3: 

Theorem 4.1. Suppose n > 1. For fcGN, "H^ irreducible osp(2n\2m) -module if 
and only if k < m+l—n or k > 2{m + 1 — ra) . PF/ien fc < m + 1 — n ; A = ®f={j^ rfHk-2i 
is a decomposition of irreducible osp{2n\2m)-submodules. 



Proof. We take the subspace of diagonal matrices in osp{2n\2m) as a Carten subalge- 
bras and the subspace 

osp{2n\2m) + = ^ i C ( E i,j ~ E n+j,n+i) + C(E itn+j - E jin+i )] 

l<i<j<n 

+ C(i?2n+r,2n+s ~~ E 2n+m+S;2n+m+r ) + C(i?2n+r,2n+m+s + -^2n+s,2n+rrt+r) 

l<r<s<m l<r<s<m 
n m 

,2n+r E 2n+m+r,n+i + ^2n+r,„ +i )] (4.17) 

i=l r=l 

as the space spanned by positive root vectors. An osp{2n\2m)- singular vector v is a 
nonzero weight vector of osp{2n\2m) such that osp{2n\2m) + {y ) = 0. We count singular 
vector up to a nonzero scalar multiple. 

Observe K\a = gl(n\m)\ A . According to the arguments in (2.51)-(2.60), the homoge- 
neous singular vectors of K are: 

{rf*3%]fA K<eN;se l,m+l; £ 2 (s - 1) = 0}. (4.18) 

By (4.10), (En^n+m+s + E 2n + S ,2n) \a = x n d$ s + 6 s d yn . Thus the homogeneous singular 
vectors of osp(2n\2m) are {if 2 x^ \ £ x ,£ 2 G N}. Moreover, (2.27) and (2.36) imply 

A^xi 1 ) = £ 2 {n-m + £ 1 +£ 2 -l) =0=>e 1 + n<mfmdt 2 = m + l- n-t 1 . (4.19) 
In this case, n™* 1 '"-'^ G H 2 ( m +i- n )-e 1 - Thus 

Hk has a unique singular vector if and only if A; < m + 1 — n or k > 2(m + 1 — n), (4.20) 
and 

Hk has two singular vectors when m + 1 — n < k < 2(m + 1 — n). (4-21) 

Note x\ G Hk- Let [/ be the osp(2n|2m)-submodule generated by x\. Repeatedly 
applying (E n+h2n+r - E 2n+m+rA )\ A = y x d Qr - $ r d xi (cf. (4.10)), we get 

x[$ s EU for £ + m + 1 - s = k. (4.22) 

According to (4.8), (E n+hn - E 2nA )\ A = y x d Xn - y n d Xl . Thus 

x^y^ eU for £ x + £ 2 + m = k (4.23) 

when k > m. Since 

k 
i=0 

Lemma 2.5, (4.22) and (4.23) imply U = Hk- So Hk is an osp(2n|2m)-module generated 
by x\. 

Suppose k < m+1— n or k > 2(m+l— n). Let M be a nonzero osj9(2n|2m)-sub module 
of Hk- By (4.20), "Hfc contains a unique singular vector xj. Thus x\ G M. By the above 
paragraph, Hk C M. Hence "H^ is irreducible. 

If 7^ is irreducible, (4.21) implies k < m + 1 — n or k > 2(m + 1 — n). 



Assume k < m + 1 — n. Note 

3 

Aj = J2 A ^ forj'GN. (4.25) 
e=o 

By Theorem 1, 

* k [fc/2] [fc/2] 

A k = ^, fc _< = 00 rfUt-it-t-i = r/74-2*. □ (4.26) 

£=0 £=0 i=0 i=0 



Fix ni,n 2 G l,n with n\ + 1 < n 2 . Changing operators d Xr h- >• — x r , x r h- >■ 
r G l,rii and >->■ — y s , y s >->■ for s G n 2 + l,n in (4.6)-(4.10), we get 
representation of osp(2n|2m) on ^4 determined by 

^2n+r,2n+m+sM = ®rd-d s i E- 



2n+m+r,2n+s \ A 



Ei t 2n+r\A 
E 2n +r,i | .4 



d x d x . 

X i X j 
Xid x - 



if i G 1, ni, j 6 «i + 1, n; 
if i G ni + 1, n, j G 1, rii; 
if i, j G ni + 1, n; 



d Xr for 
a new 



(4.27) 
(4.28) 

(4.29) 



E, 



n+i,n+j \A 



-ViVj 

-yjdy t - 8ij iii,jen 2 + l, n; 



if i,j G l,n 2 ; 

if i G l,n 2 , j G n 2 + l,n; 
if i G n 2 + l,n, j G l,n 2 ; 



(4.30) 



if i G l,ni, j G l,n 2 ; 



E; 



i,n+j\A 



-Vjd Xi 

—XiUj if % G ni + 1, n, j E n 2 + 1, n; 



if i G 1, ni, j E n 2 + 1, n; 
if « G ni + 1, n, j G 1, n 2 ; 



(4.31) 



Xj-yj if j G l,ni, i G l,n 2 ; 



-Xjd Vt if j G 1, ni, i G n 2 + 1, n; 
Uid Xj if j G ?74 + l,n , i G l,n 2 ; 
cL<9, 



d Xi d 6r if % G l,wi; 
:rj<% r if % G ni + l,n; 



if j G ni + 1, n, i G n 2 + 1, n; 

if i G 1 , 



i,2n+m+r \A 



d Xi d# r 



if i G ni + 1, n; 



-£i# r if i G 1, ni; 



9 r d Xi 



if i G ni + 1, n; 

E n +i^ 2n + r \_A — 
E n +i,2n+m+r\A 

E 2n + r ,n+i\A = 
E 2n +m+r,n+i \ A 



R 



2n+m+r,i \A 



-xflr if i G 1, ni; 



if i G ni + 1, n; 



yide r if % G l,w 2 ; 
c^c^ ifien 2 + l,n; 

Vid# r ifiGl,n 2 ; 



if i G l,n 2 ; 



— yi9 r if i G n 2 + 1, n; 



if i G l,n 2 ; 



-yii? r if % G n 2 + l,n; 



(4.32) 

(4.33) 
(4.34) 
(4.35) 
(4.36) 
(4.37) 
(4.38) 



for i,j £ l,n and r, s G 1, m. 

The related Laplace operator becomes 

ni «2 n m 

A = -^Tx^ + ^ d Xr d yr - Vsd Xs +J2de r d# r (4.39) 

i=l r=m+l s=ra2+l r=l 

and its dual 

ni U2 n m 

i=l r=rai+l s=n2+l r=l 

It can be verified that (4.15) holds again. Denote 

A {k) = Span^V©?®? I p G N n ; £[, £' 2 G N; 

n n\ 112 n 

a r -J2^i + J2^- E &+4+4=M (4.41) 

r=ni+l i=l i=l r=rt2+l 

for fcez. 

Again we set H(k) — {/ € «4<fc) I = 0}. Next we prove the second conclusion in 

Theorem 3: 

Theorem 4.2. Le£ k E Z. The osp(2n\2m) -module 'H(k) is irreducible if and only 
if k < ni + m + 1 — n 2 . When k < rtx + m + 1 — n 2 , A{k) = V l (7~L(k-2i)) is the 

decomposition of irreducible osp(2n\2m)-submodules. 

Proof. Observe JC\a = gl{n\m)\^ in terms the representation of gl(n\m) given in 
(1.18)-(1.22). Lemma 3.2 says that the homogeneous singular vectors of /C are of the 
form: 

^(xT'yp^s) with l x , mi, m 2 G N, s G l,m+ 1 (4.42) 

and 

G {(ni,n 2 ), (ni,n 2 + 1 - <W)> (m + l,n 2 ), (ni + l,n 2 + 1 - <5 n2 ,n)}- (4.43) 

Claim 1. For fc G N, H(k) is an osp(2n|2m)-module generated by and is 

an osp(2n|2m)-module generated by x£ 

Let V be the osp(2n|2m)-module generated by +1 G "H(fc). By (4.31), 

(E n2 +l, n +ni+l ~ -^rai+l,ra+ra 2 +l)U = X n 2 +ldy„ 1 + 1 + ^ni+lZ/r^+l- (4.44) 

Thus 

(E m +l,n+ni+l — E ni+ i, n+n2+ i) hl (x h ni+l ) = X^^|/^+l £ ^ (4.45) 

According to (4.32), 

(£ , n+n 2 ,ni+l — -^rt+rti+l,rt 2 ) U = yn 2 ^„ 1+ i — 2/ni+l^a;„ 2 - (4.46) 

Repeatedly applying (4.46) to x^ l+1 , we obtain 

^ni+iZ/na G ^ for fc i> € N such that k x + k 2 = k. (4.47) 
Note that (4.34) and (4.35) imply 

(-Eyi+rai+l^n+r — -^2n+m+r,ni+l) U = y ni +lde r ~ $rd x „ 1 + 1 (4.48) 



Applying (4.48) with various r to (4.45) and (4.47), we obtain 

x e n \ +1 y^ s G n {k) with j G {n 2 , n 2 + 1} =j> x e n \ +1 y^ s G V. (4.49) 
In terms of (3.34), 

v t # eV, £ + £' = k. (4.50) 

By Lemma 3.4, 

%)C7, £ + £' = A;. (4.51) 

Therefore 

U {k) = %>cy. (4.52) 
Suppose k > 0. Let C/ be the osp(2n|2m)-module generated by x k n ^H^ k ). Observe 

{En 2 +l,n+ ni — -Eni,n+n 2 )U = x n 2 +ldy ni + 2/n 2 +:A ni (4.53) 

by (4.31), and 

(-E'n+ni,n2 ^n-\-ni ,n\ \ A Vn\&x nx XniUni (4.54) 

by (4.32). Repeatedly applying the above two equations to x h ai , we have 

x k n\ynl+i,x k nt k3 ynl e U for k u k 2 , A; 3 G N such that h + k 2 = k. (4.55) 
According to (4.34) and (4.35), 

x ni ^ r . (4.56) 

Applying (4.56) with various r to (4.55), we find 

G n { - k) with j G {n 2 , n 2 + 1} rz^H G V. (4.57) 

In terms of (3.34), 



Lemma 3.4 gives 
Thus 

This prove Claim 1. 



vw G V, £ + £' = -k. (4.58) 

H m CV, £ + £' = —k. (4.59) 

n { - k) = %)CK (4.60) 
e,eez; w=-k 



Claim 2. For n\ + m + 1 — n 2 > fc G Z, any nonzero osp(2n|2m)-submodule of "H 



contains +1 if k > or :r ni fc when k < 0. 



Note 

d'Ci ^ "H(m+m 2 +l-s-mi>, X^y^ +1 d s G "H(m+l- s - mi -m 2 ) , (4.61) 

X n\+iyri2^ s ^ ^(m+mi+m2+l-s)) ^rai+lS/nJ+l 1 ^ 8 G "H( m + mi +i_ s _ m2 ) . (4.62) 



For t x G N + 1 and / G H {k >) with k' G Z, (2.27) and (3.21) imply 

&vHf) = h(n 2 -n.-m + k' + h- (4.63) 

Thus 

A?/ 1 (/) = k' < m + m - n 2 and ^ = m + m - n 2 - k' + 1. (4.64) 
If the condition holds, then 

rj £l (f) G H(2(ni+m+l-n 2 )-fc'>- ( 4 - 65 ) 

Moreover, 

2(ni + m + 1 — n 2 ) — fc' = n\ + m + 2 — n 2 + (rii + m — n 2 — fc') > ri\ + m + 2 — n 2 . (4.66) 
This shows that 

oo 

fyfci) f|(U V i (n))^{0}^k 1 >n 1 + m + 2-n 2 . (4.67) 

i=i 

Suppose < rii + m + 1 — n 2 . Then the singular vectors of /C in T-L(k) are °f t ne form 



xTyf 2 $s with mi, m 2 G N, s G 1, m + 1 (4.68) 
with (4.43). Observe that 

(-£^1+1,71+712 ~~ -E'n2,n+ni+l) \a = x ni+ldy n2 — x n2^y ni +i (4.69) 

by (4.29), and 

{E n +n 2 -\-i >ni — E n + ni>n2 +i) |_4 = ~x ni dy n2+1 — y ni d Xn2+1 (4.70) 
by (4.32). According to (4.33) and (4.37), 

,2n+m+r + E 2n +r,n+n 1 +l)\A ~ ^rtj+lC^ + 8 r dy„ 1+1 . (4-71) 

Let M be any nonzero osp(2n|2m)-submodule of H^)- Then M contains at least one of 
the /C-singular vectors in (4.68). Applying (4.68)-(4.71), we get 

x^\x^ 2 G M for some h, k 2 G N such that k 2 - h = k. (4.72) 

By (4.29) and (4.30), 

{E ni)ni+ i — E n+ni+ i jn+ni )|^ = d Xni d Xni+1 — y ni+ idy ni . (4.73) 

Repeatedly applying (4.73) to (4.72), we obtain x* 1+1 G M if k > or a"* G M when 
fc < 0. 

The above claims show that %(k) is an irreducible osp(2n|2m)-module if k < n\ + m + 
1 - n 2 . 
Note 



By (4.67), k < rii +m+ 1 — n 2 if T-L{k) is irreducible. When k < rii +m+ 1 — n 2 , Theorem 
2 implies 

00 00 

A {k) = ^, fe _ €> = 00 v%e-i,k-e-i) = ^<fc-2i>- □ (4.75) 
t&z tez i=o i=o 

We remark that Hiia is an indecomposable osp(2n|2m)-module if k > rii + m + 2 — n 2 
by Claim 1 and (4.67). This also implies that A(k) is not completely reducible osp{2n\2m)- 
module when k > ri\ + m + 2 — n 2 . 

5 Proof of Theorem 4 

In this section, we want to prove Theorem 3. 
Note 

n 

osp(2n + l|2m) = osp(2n\2m) + ^[C(S 0)i - £„+*,o) + C(E ,„ +i - £ ii0 )], (5.1) 

i=i 

m. 

osp(2n + l|2m)i = osp(2n\2m) 1 + ^[C(E , 2 n+r - E 2n+m+rfi ) 

r=l 

,2n+m+r 

+ E 2n+rfi )]. (5.2) 

The Lie superalgebra osp(2n + l\2m) = osp(2n + l|2m) + osp(2n + 1|2to)i is a Lie sub- 
superalgebra of gl(2n + \\2m). Take settings in (1.28) and (1.29). Now osp(2n\2m) acts 
on B by the differential operators in (4.6)-(4.10), namely, we change the subindex |^ to 
\b- Extend the representation of osp{2n\2m) on B to a representation of osp(2n + l\2m) 
on B by: 

(Eo,i — E n+i fl)\B = xq8 Xi — yid xo , (E 0: n +i — E ifi )\ s = x d Vi — Xid xo , (5.3) 
(E o)\b = x de r -^ r d X0 , (E Q 

,2n++m+r + E 2n +r,o)\B = xod$ r + 9 r d Xo (5.4) 

for j e l,n and r e 1, m. 
Set 

n m n m 

W = [^(Cr, + Cy,) + ]T(O r + C7? r )][^(C9 x . + Cd y .) + £(C0 fls + C^J]. (5.5) 

i=0 r=l j=0 s=l 

Then 

osp(2n + l|2m)| B = {T G W | T(t/) = 0}. (5.6) 

Define 

H' = {fe B> | A'(/) = 0}, K = H'f] B k . (5.7) 

Again we take the subspace of diagonal matrices in osp{2n + l\2m) as a Cartan sub- 
algebra and take the space spanned by positive roots: 

osp(2n + l\2m)+ = C(E 0tn+i - E ifi ) + C(E 0)2n++m+r + E 2n +r,o) + osp(2n\2m) + . (5.8) 



An osp(2n + l\2m)- singular vector v is a nonzero weight vector of osp(2n + l\2m) such 
that osp(2n + l|2m) + (i>) = 0. We count singular vector up to a nonzero scalar multiple. 
According to the proof of Theorem 4.1, any singular vector of osp(2n + l\2m) must be in 
C[x , Xi,rj\, where 

n m 

v = y^gjj/i+y^Mr- (5.9) 

i=l r=l 

Note that rf = Xq + 2r/. By (5.8), rc^ is a singular vector of osp(2n + l|2m) for any fcGl 
Thus a homogeneous singular vector of osp{2n + l|2m) must be of the form 

t 

i=0 

where hi E C, £, k E N and 6 = 0, 1. Note 

(£ ,n+i - £i,o)(/) = (xo9 w - Xid X0 )(f) = ^ / = 60(77')^*. (5.11) 

Thus {(V^i I fc G N} are all the homogeneous singular vectors of osp{2n + l\2m) in 
B. 

Observe that 

n m 

[A\ rf] = 2 + 4(n - m) + 4[x ^ + 5>A ; + y^J + $](0 r 0* r + r 3* r )] (5.12) 

i=l r=l 

by (2.27) and (2.36). So 

A'((r]'Yg) =2e(l + 2(n-m + k + e- 1))(t// -1 for g E H k (5.13) 

Thus 

has a unique singular vector a; J for any fceN. (5-14) 
Indeed we have the first conclusion in Theorem 4: 

Theorem 5.1. For any k EN, 7i k is an irreducible osp(2n+l\2m) -module. Moreover, 
B — ©Jfc=o(V) >~Lk is a direct sum of irreducible osp(2n + l\2m)-submodules. 

Proof. By the arguments in (3.52)-(3.58), we only need to prove that T-L' k is an osp{2n+ 
l|2m)-module generated by x\. For 1 — 0, 1, we define 

i=0 \ >' i=l r=l 

We take the notations in (2.104) and (2.105). By Lemma 2.6, 

U' k = Span{T t (xV^)|a^eir;jer fcl , /' G T fc2 ; 

t G {0, 1}; |a| + |/3| + £4 + &; 2 + £ = fc}. (5.16) 

Let U be the osp(2n + l|2m)-module generated by G Hk- Since o(2n + 1,C) is a 
subalgebra of osp(2n + l|2m), the known results of the representation of o(2n + 1, C) on 
C[x ,xi, ...,x 2n ] show 

T ( (xV) Gf/ for a, (3 E N n ; \a\ + |/3| = fc. (5.17) 



Repeatedly applying (E 2n + r ,i + E n+ij2n+m+r ) U = 8 r d Xi + Did$ r to (5.17) with i G l,n and 
r G 1, ro, we obtain 

T t (xV%) eU for a, (5 G N n , J G T fel ; |a| + \(3\ + h = k. (5.18) 

Finally, we get U = H' k by repeatedly applying (E ij2n+r ~ E 2n+m+r ^ n+i )\ B = Xid dr - $ r d yi 
to (5.18) with i G l,n and r G l,m. □ 



Next osp(2n|2m) acts on B via the differential operators in (4.27)-(4.38), namely, we 
change the subindex |^ to |g. Moreover, we extend the representation of osp(2n\2m) on 
B to a representation of osp{2n + l\2m) on B by: 



x Xi - yid XQ if i G l,ni, 



(E ,i - E n +ifl)\t3 = < aJo9 Xi - Uidxo if i G ni + 1, n 2 , (5.19) 



x 9 Xj - d Xo d yi if i G n 2 + 1, 



n; 



- ^a,;,, if i G l,ni, 



(£ ,n+* - S„, )|b = <( - ^<9^, if i e wi + l,n 2 , (5.20) 

-x yi - Xid Xo if i G n 2 + 1, n; 

{Eo,2n+r — E 2n+m+rfi ) \b = x de r — firdxo , {Eq ,2n++m+r 

+ E 2n+rfi )\ B = x dv r +9 r d X0 (5.21) 



for i G 1, n and r G 1, to. 

Now the corresponding Laplace operator becomes 

ri\ ni n m 

A' = d 2 Xo + 2A, A = -5>^+ £ 0^- £ l/A. + XXfy. (5-22) 

j=l r=«i+l s=n,2+l r=l 

and its dual 

T]' = X 2 + 2r], 7] = ^2 Vi d Xi + ^ X rVr+ E + ^] Mr- (5-23) 

i=l r=rai+l s=n2+l r=l 

We take the notation in (4.41) and set 

oo 

B(k) = E ^<fc-i>4» «'<*> = {/ e I A '(/) = 0}- (5-24) 
Then we have the second conclusion in Theorem 4: 

Theorem 5.2. For any k G Z 7 is an irreducible osp(2n + 1|2to) -module. More- 
over, B = ©^° fc=0 (V)^(fc> a direct sum of irreducible osp(2n + l\2m)-submodules. 
Proof. We define T t as in (5.15) with A in (5.22). By Lemma 2.6, 

W' (fc) = T (^ (fe) ) + T^A^-i)) for fc G Z. (5.25) 

Since A£ = £A for £ G osp(2n|2m), we have 

C(Z(f)) = T t (£(/)) for £ G osp(2n|2TO), / G A. (5.26) 

First we consider H'^ with fcGl Let V be any nonzero osp{2n + l|2m)-submodule 
of HWy According to the arguments in paragraph of (4.68)-(4.73), V contains some 
TXA^nT+i"))- According to (5.20), 

(E ni +i,o - ^o.n+m+iJlB = x ni+ id Xo - x dy ni+1 . (5-27) 



Moreover, as operators on B, 

To] 

= [x ni+ id xo — x dy ni+1 ,^2 (2i)\ ° ^ 

= -E ji rir A '"'^ + E '^IC ' A "'H-,+. - (^) 

i=l ^ ' i=l ^ ' 

[-Eni+1,0 — ^O.n+m+l) ^l] 



(5.29) 



If Toirfix^H)) G 1/ for some t G N + 1, we have 

(-E'ni+1,0 - ^0,n+ni+l)7o(?7 (^ni+l)) 

= (Ki+1,0 - ^O.n+m+lj^o] + ^o(-^ni + l,0 - ^O.n+m+l)) (?7 (^ni+l)) 
00 ■/ o^^ 2i—l 

- " "E (a-l)! + *oro^ 1+1 + 2(T 1 A)x B1+1 ](i^«3)) 

= [T 1 ^ i+1 -2(T 1 A)x ni+1 ](^« 2 {)) 

= £[1 -2{m + ni -n 2 + t- l)]^- 1 ^?" 1 ^ 1 )) 

= £[3 - 2(m + ni - n 2 + ^(j/" 1 ^*?" 1 * -1 )) G V (5.30) 

by (4.63), (5.27) and (5.28). So ^(t/- 1 ^^" 1 ^ 1 )) G V. When Tifa^a^f 1 )) G V for 
some £ G N, (5.27) and (5.29) yield 

(E m+1 , - i^n-i) W(<?f ')) = T (rf(x*;*)) G V. (5.31) 

By induction on £, we have x£ +1 = T (a;^ i+1 ) G V. 
Note 



(K+i.n+nx+i - E'm+i.Ole = Vidy ni+1 + XiX ni+1 for iel,ni (5.32) 

and 



(E n2 +r,n 2 ~~ E n+n2:n+m2+r )\jx — x n2+r d Xn2 + y n2 y n2+r for r G l,n — n 2 if n 2 < n (5.33) 



by (4.29) and (4.30). Repeatedly applying (5.32) and (5.33) to (5.31) with various i G 1, rti 
and r G 1, n — n 2 if n 2 < n, we have 

ni+l n m n 

[ n < i \ [ n ^ g y f ° r «*> g n ' + /?n 2 - e ^ - e & = l ( 5 - 34 ) 



Denote 



/ = {0, rii + 1, n-2, n + rii + l,n + n 2 ,2n + 1, 2n + 2m}. (5.35) 
Then the Lie subalgebra 

Q = osp{2n + l\2m) f)(^2 CE id ) = osp(2(n 2 - ni) + l\2m). (5.36) 

Applying Theorem 5.1 to Q and C[x ,x ni+1 , ...,x n2 ,y ni+1 , ...,y Tl2 ,9 1 , ...,0 m ,$i, ...,# m ], we 
get 

T L {x a y p 9f f ) G V (5.37) 
for a, j3 G N n , j G r fel and j' G T fc2 such that = if i < rii and otj — if j > n 2 , and 

t + h + fc 2 + {®r + Pr) ~^tti- ^ Pi = k - ( 5 - 38 ) 

r=ni+l i=l j=n,2+l 



Repeatedly applying (5.32) to (5.38) under above conditions with various % G l,ni, we 
obtain (5.38) for a, (3 G N n , j G and j' G T fc2 such that = if i > n 2 , and 
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i + h + k 2 + Y Ur + YPs-^ai- Y I3j = k. (5.39) 

r=n\+l s=l i=l j=U2+l 

Observe 

(-^n2+r,rti+s -En+niH-s,n+n2+r) |s Unx+sU^+r X n2 +r^x ni +s (5.40) 



for r G l,n — n 2 and s G l,n 2 — rii by (4.29) and (4.30). Repeatedly applying (5.40) to 
(5.38) with o;j = if % > n 2 , we obtain %(k) C V by (5.25). So "H(fc) is an irreducible 
osp(2n + l|2m)-module. 

Next we consider H(-k) with k G N + 1. Let U be any nonzero osp(2n + l\2m)- 
submodule of According to the arguments in paragraph of (4.68)- (4. 73), U contains 

some T L {rf{x^ l+n )). Observe Note 

(^711,0 — E 0jn+m ) = d xo d Xni — x d Vni (5-41) 

by (4.29) and (4.30). As operators on B, 

n+ni i Tq\ 

= [d xo d Xni -x d yni ^^^^\ 

_ y ( 2V4 ' - TX-2M 

^ (2i-l)\ Xni (2i)\ ^ 

i=l v ' i=l v ' 

= -mAd x f P^ A .-i a _y- j (- 2 y A i-ig 9 (542) 

i=l ^ ' i=l ^ ' 

[E ni ,0 ~ -^0,n+nu Ti] 

(-2yx 2 i+1 



= K^-xoV^E (2 / + i)! A? 



^ (2i)! ni (2i + l)! yni 



If T (rf(x*+ 2e )) G U for some £ G N + 1, we have 

(E nifi - E , n+ni )T ( V £ (x k n :l[)) 
= [T 1 d yni -2T 1 Ad x J( V \x k n ^[)) 

— (k + 2£)£[1 + 2(m + k + £ - n 2 )]T 1 (^- 1 (4+ff 1 )) G V (5.44) 

by (4.63), (5.41) and (5.42). So T 1 (^~ 1 (a;f+ 2( ^ 1)+1 )) G U. When Ti(t/(x*+ 2<+1 )) G V for 
some t G N, (5.41) and (5.43) yield 

(£n ll0 - iWJ = (* + 2^ + l)To(^(x^)) G C/. (5.45) 

By induction on £, we have x k ni = T (x^J G £/. 
According to (5.32) with i — n 1: 

x k n fx k : i+1 G U for fc' G N. (5.46) 

Moreover, 

(£? ijni - E n+ni . n+i )\ B = Xid Xni - y ni dy t fori G 1, m - 1 (5.47) 



by (4.29) and (4.30). Repeatedly applying (5.47) to (5.46) with various % G l,ni — 1, we 
have 

m+l ni 

| J if G C/ for ctj G N; a m+1 - ^ a, = -A;. (5.48) 

i=l i=l 

Observe 



(K 2 +r, n +i - -Ei,„+„ 2 + r )U = x n2+r d yi + y n2+r d Xl for r GG l,n - n 2 if n 2 < n (5.49) 



by (4.31). Repeatedly applying (5.49) to (5.48) with various r G 1, n — n 2 if n 2 < n, we 
find 

ni+l n n\ n 

II ^ Gf/ for a^-GN; ^ = -fc. (5.50) 

i=i i=«2+i »=i i=«2+i 

By the same arguments from (5.36) to the end of the paragraph below (5.40) with 
replaced by —k, we prove that 'H(-k) is an irreducible osp(2n + l|2m)-module. 
We calculate 

n m 

[A', r,'] = 2 + 4(n 2 - m - m) + 4[x ^ + ^(x^ + j/^) + ^(0 r d 9r + ^^J]. (5.51) 

i=l r=l 

By the arguments in (3.52)-(3.58), £> = 0^° fe=o (^O^<fc> ^ s a direct sum of irreducible 
osp(2n + 1 1 2m)-sub modules for any k E Z. □ 
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